Abstract. The commuting graph Γ of a finite group with trivial centre is examined. It is shown that the connected components of Γ have diameter at most 10.
Introduction
Suppose that G is a group. The commuting graph Γ(G) of G is the graph which has vertices the non-central elements of G and two distinct vertices of Γ(G) are adjacent if and only if they commute in G. In this paper we study the commuting graph of a finite group. In [17] Iranmanesh and Jafarzadeh demonstrate that the commuting graph of Sym(n) and Alt(n), the symmetric group and alternating group on n letters, is either disconnected or has diameter at most 5 and, in the same article, they conjecture that there is an absolute upper bound for the diameter of a connected commuting graph of a non-abelian finite group. This conjecture was shown to be incorrect in [9] where an infinite family of special 2-groups with commuting graphs of increasing diameter was presented. However, the core suggestion of the conjecture is not far from the mark. In this paper we prove Theorem 1.1. Suppose that G is a finite group with trivial centre. Then every connected component of the commuting graph of G has diameter at most 10. In particular, if the commuting graph of G is connected, then its diameter is at most 10.
Evidence that a theorem such as Theorem 1.1 must be true has been growing for over a decade. In 2002, Segev and Seitz showed that the commuting graph of a classical simple group defined over a field of order greater than 5 is either disconnected or has diameter at most 10 and at least 4 [21, Corollary (pg. 127), Theorem 8] . They also proved that the commuting graph of the simple exceptional Lie type groups other than E 7 (q) and the sporadic simple groups are disconnected [21, Theorem 6] . In 2008, as remarked above, Iranmanesh and Jafarzadeh demonstrated that the commuting graph of the almost simple groups Sym(n) and Alt(n) is either disconnected or has diameter at most 5 [17] . In 2010, Giudici and Pope [11] modified the approach of Segev and Seitz [21] and showed that for G = GL n (2), n ≥ 5, if Γ(G) is connected then it has diameter at most 8 and, by computing specific commuting matrices, they demonstrate that for G = GL n (r), r an odd prime, if Γ(G) is connected then it has diameter at most 6. More recently in 2012, Giudici and Pope [10] investigated some further special cases and showed that various kinds of finite groups had bounded diameter commuting graph. They also constructed a soluble group with commuting graph of diameter 6. This was followed by the second author of this paper in [20] in which it is proved that the commuting graph of a finite soluble group with trivial centre is either disconnected or has diameter at most 8. Furthermore in [20] finite soluble groups with trivial centre and connected commuting graph of diameter 8 are presented.
Suppose that G is a non-abelian finite group. The prime graph of G, π(G), has vertex set the set of primes dividing |G|, and two primes r and s are connected if and only if G has an element of order rs. The prime graph was introduced by Gruenberg and Kegel in [14] where they proved the first results about its connectivity. In particular, they partly described the structure of groups with disconnected prime graph and showed that the soluble groups with disconnected prime graph are either Frobenius groups or 2-Frobenius groups. The non-abelian simple groups with disconnected prime graph were determined by Williams [25] and Iiyori and Yamaki [16] (see also Kondratév [18] ) and Lucido [19] worked out which of the almost simple groups have connected prime graphs. Here we mention that a long paper by Suzuki [23] investigates the prime graph using methods from the odd order theorem. It turns out that in finite groups G with trivial centre the G-classes of connected components of the commuting graph are in one to one correspondence with the connected components of the prime graph (see Theorem 3.7 and [17, Lemma 4.1] ). In particular, Γ(G) is connected if and only if π(G) is connected and consequently the almost simple groups with connected commuting graphs are known because of the work of Williams [25] and Lucido [19] .
Our proof of Theorem 1.1 first reduces the problems to one about the almost simple groups. This is quickly accomplished in Section 5 and leaves the harder task of bounding the diameter of a connected component in an almost simple group. To achieve this we take advantage of the work of Williams [25] (see Theorem 4.4) where he studied the connectivity of the prime graph. The result is that all the connected components of the commuting graph of a non-soluble group which do not contain elements of order 2 have diameter one. Our plan of attack for determining the diameter of the commuting graph of the finite almost simple groups is as follows. For the sporadic simple groups we use the character tables and for the symmetric and alternating groups an elementary lemma, Lemma 3.5, about the distance apart of involutions in Γ(G) in groups with at least two conjugacy classes of involutions (they are at most 3 apart) can be deployed to show that the diameter of a connected component is at most 8. In the case that Γ is connected, we could use [17] to get that the diameter is at most 5. The meat of the paper is to address the problem of bounding the diameter of the connected components of the commuting graphs of the almost simple groups of Lie type defined in characteristic r. The linear groups PSL 2 (r a ) together with the Suzuki-Ree groups require special arguments. For the remaining groups we adapt and extend the arguments of Segev and Seitz [21] to the case where the commuting graph of G with F * (G) a simple group of Lie type in characteristic r is possibly disconnected. The theorem follows from the fact that any two long root elements have distance at most 2 apart and every element of G has distance at most 4 from a long root element.
It is beyond doubt that the bounds on the diameter of Γ(G) that we obtain for the almost simple groups can be improved upon in many cases. However as the bounds we obtain suffice to prove Theorem 1.1, we have chosen not to pursue more accurate estimates.
It would be interesting to know the actual values for the diameters of the connected components commuting graphs of the sporadic simple groups for example. We also mention that the commuting graph of 2 B 2 (2 5 ):5 has a connected component which has diameter at least 8.
In a different direction, Solomon and Woldar [22] have recently proved that if S is a finite simple group and G is an arbitrary group with Γ(S) ∼ = Γ(G), then S ∼ = G. Thus the commuting graph of a simple group, determines the simple group uniquely.
The paper is organized as follows. In Section 2 we collect some background results on Frobenius groups which are required in Section 5 and groups of Lie type that are frequently used in Section 8. In Section 3, we establish some elementary results about the commuting graph and prove the aforementioned theorem relating the commuting graph and the prime graph. Section 4 is devoted to the study of isolated subgroups, their relationship with strongly p-embedded subgroups and in particular we modestly improve the statement of [25, Theorem 3] in Theorem 4.4. Finally, in Section 4, we show that in a non-abelian simple group, isolated subgroups are for the most part cyclic. In Section 5, we prove the reduction theorem to simple groups. The next three sections establish the theorem for the finite simple groups. In a short final section we prove the main theorem.
Our group theoretic notation is mostly standard and follows that in [1, 12] . In particular we mention that for a group G, G # is the set of non-identity elements of G. For x ∈ G, the conjugacy class of x in G is denoted by
If {x, y} is an edge in Γ(G) or, if x = y, then we write x ∼ y. In particular, x ∼ y indicates that x, y ∈ G \ Z(G). If x and y are vertices in Γ(G), then d(x, y) denotes the distance between x and y. We apply similar convenient conventions to the prime graph of G. Thus, for primes r, s, r ∼ s means that either r = s or there is an element of G of order rs. For subsets of vertices S of Γ(G) we define d(x, S) = min{d(x, r) | r ∈ S}.
Preliminaries
In this section, we provide the fundamental results that we need from [13] and [15] .
Lemma 2.1. Suppose X is a Frobenius complement. Then every Sylow subgroup of X is cyclic or generalized quaternion. If X has odd order then any two elements of prime order commute and X is metacyclic. If X has even order, then X contains a unique involution.
Proof. The Sylow subgroups of X are described in [15 We will also need the following well-known lemmas. Their easy proofs can be found in [20] (as well as many other places).
Lemma 2.2. Suppose that X is a group and X = JK with J a proper normal subgroup of X and K a complement to J. Then C X (k) ≤ K for all k ∈ K # if and only if X is a Frobenius group. Lemma 2.3. Suppose that J is a proper normal subgroup of X. Then X is a Frobenius group if and only if C X (j) ≤ J for all j ∈ J # .
In Section 8 we require information about centralisers of automorphisms in Lie type groups. We adopt notation and terminology from [13] . In particular, for the description of the types of automorphism see [13, 2.5.13] 
. Let B and T be a σ-invariant Borel subgroup of K and Torus of K contained in B respectively. Also let Σ be the root system of K (with respect to B and T ) with fundamental system Π and ρ be the highest root of Σ with respect to Π. Then P ρ = N K (X ρ ) ≥ B is a parabolic subgroup of K. Furthermore, as B and T are σ-invariant and σ does not permute root lengths (otherwise K would be a Ree or Suzuki group), we see that X ρ is σ-invariant. We have X ρ = C Xρ (σ) is an elementary abelian group of order r a = q(K, σ) (again see [13, Theorem 2.1.12]). The non-trivial elements of X ρ are long root elements. In [13, Example 3.2.6 and Proposition 3.2.9] the subgroups of K which are K-conjugate to X ρ are called long root subgroups. We will adhere to this nomenclature.
Alternative definitions of long root elements are given in other sources and this is the primary reason for the above discussion. Of course the set of elements is the same. For example, the structure of the "twisted" root subgroups in K are described in [13, Theorem 2.4.1]. If Xα is a "long root subgroup" (which now need not be abelian), then the non-trivial elements of Z(Xα) are called long root elements of K.
Let S = X ρ , X −ρ . Then, so long as K ∼ = PSL 2 (r a ) and K is not a Ree or Suzuki group, S ∼ = SL 2 (r a ) and the K-conjugates of S are called fundamental
Lemma 2.4. Suppose K is a simple group of Lie type defined in characteristic r such that K ∼ = PSL 2 (r a ) and K is not a Ree or Suzuki group. Then (i) K has one conjugacy class of long root subgroups;
(ii) The conjugacy class of long root subgroups of K is invariant under Aut(K) unless
, n ≥ 2, with r odd and K has exactly two classes of long root elements. (iv) If x, y ∈ K are long root elements, then either x, y is an r-group or x, y is contained in a fundamental (4) . Furthermore, if the root system of K is not A 2 , then S commutes with an element of order r.
Proof. The first three points are discussed in [13, Example 3.2.6] . However, there they only state that C K (σ) acts transitively on the long root subgroups of K. None-the-less, by [13, Theorem 2.2.6 (g)], C K (σ) = KC T (σ) and C T (σ) normalizes X ρ . Hence K has one conjugacy class of long root subgroups. So (i) holds.
Parts (ii) and (iii) are explained in [13, Page 103, paragraph 3 and paragraph -3].
For part (iv) we let S be a fundamental SL 2 (r a ). If r is odd, then Z(J) = 1 and we are done. So assume that r = 2. Then, by [13, Theorem 3.2.8 ] N K (S) = C K (S)S and, in addition, setting J = −ρ ⊥ ∩ Π, the group X τ | τ ∈ ±J centralizes S. Therefore, as long as Σ is not A 2 , we have C K (S) = 1. If Σ = A 2 , then K is either PSL 3 (r a ) or PSU 3 (r a ) and the corresponding universal groups contain subgroups isomorphic to GL 2 (r a ) and GU 2 (r a ). These subgroups project to subgroups of K containing conjugates of S. Especially the centres of these subgroups have order r a − 1 and r a + 1 respectively. Thus in K, S has a non-trivial centralizer whenever r a − 1 > 3 when K ∼ = PSL 3 (r a ) or r a + 1 > 3 when K ∼ = PSU 3 (r a ). Since PSU 3 (2) is soluble, we have proved our result.
Lemma 2.5. Let K be a group of Lie type defined over a field of characteristic r and x be an automorphism of K of prime order p with p = r.
and let Z be the kernel of the covering K u → K (K u the universal group). The following hold.
groups of Lie type defined over fields of characteristic r, there is an abelian r ′ -subgroup T such that C/LT is an elementary abelian p-group isomorphic to a subgroup of Z.
Proof. For (a) and (b) see [13, Theorem 4 
The commuting graph and the prime graph
For the remainder of the paper, we suppose that all groups are finite groups. Suppose that G is a group and let π(G) be the prime graph of G and Γ = Γ(G) be the commuting graph of G. We start this section by presenting a series of elementary lemmas detailing various properties of the commuting graph before moving on to the relationship between the commuting graph and the prime graph. Throughout this section G is a group with Z(G) = 1.
Lemma 3.1. Suppose x, y ∈ G # and that x and y are joined by a path of length m in Γ. Then there exist elements x 2 , x 3 , . . . , x m−1 of prime order such that
is a path in Γ. In particular, if d is the maximum distance in Γ between two elements of prime order, then Γ has diameter at most d + 2.
We use Lemma 3.1 without further reference. Thus often the paths we consider will be between elements of prime order and will consist of elements of prime order and always the "inner elements" of a path will have prime order.
Proof. Let x ∈ Ψ and C be a conjugacy class of G in Ψ. Then there exists a path in Ψ joining x to an element y ∈ C. Hence, for all g ∈ G, x g is connected to y g ∈ C ⊆ Ψ. Hence x g ∈ Ψ and so Ψ is a normal subset of G.
The next lemma will be used when we investigate the commuting graph of the almost simple groups of Lie type and will be applied to the class of long root elements of Lie type groups once we have shown that any two such elements have distance 2 apart. This then explains one of the places where our general bound of 10 on the diameter of the commuting graph emerges.
Proof. Since a G = a K and K is normal in G, G = C G (a)K. Let x ∈ G \ K and assume that p divides the order of xK as an element of G/K. Let x * be a generator of the Sylow p-subgroup of x , P 0 ∈ Syl p (C G (a)) and P ∈ Syl p (G) with P 0 ≤ P . Since p divides |G/K|, P 0 is non-trivial. Let g ∈ G be such that x * ∈ P g and let y ∈ Z(P g ) # . Then y commutes with
and this proves the claim. The following observation can in some instances be used to give better bounds on the diameter of Γ compared to an approach using long root elements. In particular, this is the case when we cannot show that root elements are close together. We also apply this lemma when considering the alternating groups and the sporadic simple groups. Lemma 3.5. Suppose that G has at least two conjugacy classes of involutions and let I be the set of involutions in G. Then I is a connected subgraph of Γ and has diameter at most 3. Moreover, there is a unique connected component containing all the elements of even order in G.
Proof. Suppose first that x, y ∈ I. Let T y be a Sylow 2-subgroup of G containing y, if possible, chosen so that y ∈ Z(T y ). Then, as G has two conjugacy classes of involutions, there exists z ∈ I ∩ T y such that z is not conjugate to x. If we can choose z = y, then we do so. If z cannot be chosen to be y, then x and y must be conjugate. If y ∈ Z(T y ), then x is not conjugate to an element of Z(T y ) by our choice of T y . So we choose z ∈ Z(T y )
# . If y ∈ Z(T y ), we just choose z ∈ T y not conjugate to x. As x and z are not conjugate, x, z is a dihedral group of order divisible by 4 and so there exists an involution w ∈ Z( z, x ) # . Therefore
is a path in Γ consisting just of elements of I. Hence any two members of I are at distance at most 3 apart. Since every element of even order is connected to an involution, all elements of even order can be connected in Γ by a path of length at most 5.
The problem with Lemma 3.5 is that when applied in conjunction with Lemma 3.3 it gives a bound on the diameter of Γ of 11 whereas we would like to demonstrate the diameter is at most 10. The next lemma is the basis of our technical solution to this problem.
Proof. Let P be a Sylow p-subgroup of G which contains x p . Then C P (x p ) ∩ K is cyclic by hypothesis. Let
and this proves the claim.
We now describe the relationship between the commuting graph and the prime graph of G. For a connected component Ψ of Γ we write π(Ψ) for the set which consists of the primes which divide the order of some element of Ψ. The next theorem was proved by Iranmanesh and Jafarzadeh [17, Lemma 4.1] in the special case that Γ is connected.
Theorem 3.7. Suppose that G is a finite group with Z(G) = 1. Let Γ be the commuting graph of G and π be the prime graph of G. Let Γ/G be a set of representatives of G-classes of connected components of Γ. Then the map
is a bijection between Γ/G and the connected components of π. Furthermore, Γ is connected if and only if π is connected.
Proof. We prove the theorem through a short series of three claims. We begin by showing that the map is well-defined. Set ψ = π(Ψ). Suppose that r and s are in ψ and let x and y be elements of order r and s respectively with x and y vertices of Ψ. Then, as Ψ is connected, there exists a path
connecting x and y in Ψ. We may suppose that, for 1 ≤ i ≤ m, x i has prime order r i . Then x i x i+1 has order r i r i+1 . Hence, if r i = r i+1 , then r i is joined to r i+1 in π. Therefore, ignoring loops, there is a path r 1 ∼ r 2 ∼ · · · ∼ r m in π. Since each r i ∈ ψ, we get that r and s are connected in ψ. Therefore ψ is connected. Let ψ 0 ⊇ ψ be the connected component of π(G) which contains ψ. Assume that r ∼ s is an edge in ψ 0 with s ∈ ψ. Then there exists an element vw of order rs in G with v of order r and w of order s. Since s ∈ ψ, there exist an element v of order s in Ψ. Let S ∈ Syl s (G) with v ∈ S, then, as Z(G) = 1, S # ⊆ Ψ. Hence we may as well suppose that w ∈ S and that w ∈ Ψ. Since u and w commute, we have r ∈ ψ. Therefore ψ = ψ 0 . Now we prove that the map is onto.
Let p be a prime in ψ, let x ∈ G be an element of order p and let Ψ be the connected component of Γ(G) containing x. By Lemma (3.7.1), π(Ψ) is the connected component of π(G) which contains p, thus π(Ψ) = ψ.
Finally we show that the map is injective. Let p ∈ π(Ψ) = π(Θ). Then there are Sylow p-subgroups P and Q of G and an element g ∈ G such that P g = Q, P # ⊆ Ψ and Q # ⊆ Θ. Therefore Ψ g = Θ. The three claims together establish the theorem.
Isolated subgroups
With Theorem 3.7 at our disposal we may use theorems that have already been provided by Williams [25] . Assume that G is a group and Γ = Γ(G). We begin by recalling the following definition from [25] .
A
Proof. This is straightforward from the definition.
We also recall that for a prime p a proper subgroup M of G is strongly p-embedded so long as p divides
There is a close relationship between groups with a strongly p-embedded subgroup and groups with an isolated subgroup.
Lemma 4.2. Assume that Z(G) = 1 and suppose Ψ be a connected component of Γ and let M = Stab G (Ψ). Then either M = G or, for all p ∈ π(Ψ), M is strongly p-embedded.
Proof. Let M = Stab G (Ψ) and assume that M < G. For p ∈ π(Ψ), let x ∈ Ψ have order p and P be a Sylow p-subgroup of M containing x. Then, as Z(G) = 1, P # ⊆ Ψ and
# be an element of order p, then the previous paragraph implies y ∈ Ψ. The same argument applied to
The next theorem, which depends on the classification of the finite simple groups, shows that if G has non-abelian Sylow r-subgroups for some odd prime r, then r and 2 are in the same connected component of π(G). Proof. This is the main theorem in [7] .
The following result is a minor modification of [25, Theorem 3] which we obtain by using Theorem 4.3. However, we remark that the statement seems to be implicit in the calculations in Williams' article. Theorem 4.4 (Williams, 1980) . Suppose that G is non-soluble group with Z(G) = 1, Ψ is a connected component of Γ(G) and ψ = π(Ψ). Assume that ψ does not contain 2. Then G has an abelian Hall ψ-subgroup H which is isolated in G and Ψ = H # . In particular, Ψ has diameter 1.
Proof. Let ψ = π(Ψ). Then ψ is a connected component of π(G) by Theorem 3.7. By Williams [25, Theorem 3] , there exists a Hall ψ-subgroup H of G which is both isolated and nilpotent. Observe that Φ = H # is a component of Γ and π(Φ) = π(H) = ψ = π(Ψ). Hence Theorem 3.7 implies that Ψ = Φ g for some g ∈ G, and so letting K = H g we see that Ψ = K # . Now let p ∈ ψ and pick P a Sylow p-subgroup of H. Since no element of P # can be centralised by an involution, Theorem 4.3 implies that P is abelian. Thus H is abelian, and so Ψ has diameter 1. Theorem 4.4 gives us a clear picture of disconnected commuting graphs of non-soluble groups. They consist of perhaps more than one connected component containing involutions and then all the remaining connected components are cliques. In simple groups we can say even more as groups with strongly p-embedded subgroups have been investigated via the classification of simple groups when p is odd and are known because of the fundamental work of Bender and Suzuki [5] [5] says that the pair (G, 2) is one of (
2 . Therefore we may apply [13, Theorem 7.6.1] which yields the following possibilities for the pairs (G, r): 11) there are elements of order 22 and so in these cases I is not isolated. This leaves the groups listed in the statement of (ii) and completes the lemma.
The reduction to almost simple
For the remainder of this paper we assume that G is a group with Z(G) = 1 and we put Γ = Γ(G).
Lemma 5.1. Suppose that E(G) = 1 and E(G) is not a quasisimple group. Then Γ is connected and the diameter of Γ is at most 7. Proof. Assume on the contrary that d(x, Z) > 4. Let Z = Z(F ) and let
be a minimal path linking x and y. For i = 1, 2 set C i = C G (x i ) and note that, as C i ∩ C G (z) = 1 for all z ∈ Z # , C i Z is a Frobenius group by Lemma 2.3. If |C 2 | is odd, then we have x 1 ∼ x 3 by Lemma 2.1, a contradiction as θ is a minimal path. Hence |C 2 | is even, and so, again by Lemma 2.1, there is a unique involution t in C 2 . Therefore t ∈ Z(C 2 ) and [x 1 , t] = 1 = [t, x 3 ]. Since t commutes with x 1 we get t ∈ C 1 , whence t ∈ Z(C 1 ) since C 1 is also a Frobenius complement. But now x ∼ t and so x ∼ t ∼ x 3 gives 3 = d(x, x 3 ) ≤ 2, a contradiction. Hence d(x, Z) ≤ 4 as claimed. Proof. The hypothesis implies one of Lemmas 5.1 and 5.3 is applicable.
Almost simple groups of sporadic type
Throughout this section G is a group with K = F * (G) a sporadic simple group and we set Γ = Γ(G). Define Proof. Suppose on the contrary that there are distinct connected components Ψ and Φ both containing involutions and let x ∈ Ψ and y ∈ Φ be such. If x is not conjugate to y, then Lemma 3.5 implies that x and y are connected, a contradiction. Hence x and y are conjugate, and so there is g ∈ G such that Ψ g = Φ. Thus Stab G (Ψ) = G. Lemma 4.2 now yields Stab G (Ψ) is strongly 2-embedded in G. The fundamental theorem on strongly 2-embedded subgroups due to Bender and Suzuki [5] provides the final contradiction. Table  5 .3]. Since the commuting graph on a conjugacy class of involutions in G is a subgraph of Γ, we can apply [4, Theorem 1.1] to obtain the required conclusion. Theorem 6.3. Suppose that G is a group with F * (G) a sporadic simple group. Then the diameter of a connected component of Γ is at most 7.
Proof. By Theorem 4.4 and Lemma 6.1 we only need to bound the diameter of Γ 2 ; the connected component of Γ which contains an involution. Set K = F * (G) and let I be the set of involutions in G.
Suppose that K ∈ D d with d = 5, 7 and let x ∈ Γ 2 be arbitrary. It suffices to show that
(note that our assumption forbids x being self-centralising of prime order). If x has even order then d(x, I) ≤ 1, so we can assume that x has odd order. In particular, since |Aut(G) : K| ≤ 2, we may assume x ∈ K.
We now make extensive use of the character tables available in [8] . If d = 5 we just check that |C K (x)| is even and if d = 7 we have to check that |C K (x ′ )| is even for each x ′ ∈ K of prime order. Suppose now that d = 9 and K ∈ D d . We find then that |C G (x ′ )| is even for each x ′ ∈ K of prime order, unless K ∼ = J 3 and x ′ is in class 3B, K ∼ = He and x ′ is in the 7C class or K ∼ = M and x ′ is in the 29A class (here we have used Atlas [8] notation for conjugacy classes). Notice that because in each of these cases there is a unique conjugacy class of elements with odd centralizer, the only candidates for x which have distance 3 from I must have order a proper power of the order of x ′ . It follows at once from the character tables of these groups that K = J 3 and x is in class 9A. However if x is such an element, it also commutes with a 3-central element in class 3A and this element commutes with an involution. Hence d(x, I) ≤ 2 for all x ∈ Γ 2 in this case. Thus Γ 2 has diameter at most 7 for F * (G) a sporadic simple group.
Almost simple groups of Alternating type
Here we assume that G is a group with Z(G) = 1 and F * (G) is isomorphic to Alt(n) for some n ≥ 5. In [17] it is shown that the diameter of Γ is at most 5 whenever Γ = Γ(G) is connected. Here we settle for a short proof which provides a worse bound, but also applies to the case where Γ is disconnected. Theorem 7.1. Suppose that n ≥ 8. Then the diameter of a connected component of Γ(G) is at most 7 if n = 8 or n ≥ 12 and the diameter of a connected component of Γ(G) is at most 8 if 9 ≤ n ≤ 11.
Proof. Let I be the set of involutions in G. Since there are at least two conjugacy classes of involutions, we find that I is a connected subset of Γ(G) of diameter at most 3 and we let Γ 2 be the connected component of Γ(G) containing I. By the theorem of Williams it remains to show that Γ 2 has small diameter. Let N be the set of elements of order nine in G. We will prove that d(x, I) ≤ 2 for every element of odd order in Γ 2 , unless x ∈ N and 9 ≤ n ≤ 11, in which case d(x, I) ≤ 3 holds. This will show that d(x, y) ≤ 2 + 3 + 2 = 7 if n = 8 or n ≥ 12 and in the remaining case, we have d(x, y) ≤ 3 + 2 + 2 = 8 unless x, y ∈ N where we show that d(x, y) ≤ 6 holds. This gives the bound in the theorem.
Let x ∈ Γ 2 be an element of odd order and suppose that d(x, I) > 2. Write x as a product of disjoint cycles c 1 , . . . , c k and note that x ∼ c i for i = 1, . . . , k. If any of the c i fixes four or more points, then there is an involution conjugate to (1, 2)(3, 4) in G with which c i commutes, contradicting d(x, I) > 2. Hence x must be a single cycle which fixes no more than three points. Since n ≥ 8 we see that 3-cycles commute with involutions, so x fixes at most two points if G = Alt(n) and at most one point if G = Sym(n).
Choose p to be the smallest prime dividing the order of x and let r be the order of x divided by p. Then x ∼ x r which has cycle type 1 n−pr p r . Note that r = 1 or we see that x = x r is a Sylow p-subgroup of G and is isolated in G, which contradicts x ∈ Γ 2 . Observe that the centraliser in G of x r contains C p ≀Alt(r). Since d(x, I) > 2 this centraliser has odd order, and so r = 3 (as r is odd). Now r is also prime and divides the order of x, so this implies p = 3 = r and we have x ∈ N . Observe then that d(x, I) = 3 since x r commutes with a 3-cycle and as mentioned above, 3-cycles commute with involutions.
It remains to show that d(x, y) ≤ 8 for x, y ∈ N when n = 9, 10, 11. Write x 3 = u 1 u 2 u 3 and y 3 = w 1 w 2 w 3 where the u i and w i are 3-cycles. Since two 3-cycles either commute with each other or another 3-cycle we see d(u 1 , w 1 ) ≤ 2 and therefore d(x, y) ≤ d(x, u 1 ) + 2 + d(w 1 , y) = 6, as required.
Lemma 7.2. Suppose that n ≤ 7. Then the maximum diameter of a connected component of Γ is given in Table 1 .
Proof. For these values of n, Magma [6] returns the answer fairly promptly, or one can use the character tables to reason as in Section 6.
G
Maximum diameter of a component of Γ Alt (5) 1 Sym(5) 5 Alt(6) 6 Sym(6) 4 M 10 6 PGL 2 (9) 5 Aut(Alt(6)) 4 Alt (7) 5 Sym (7) 5 Table 1 . Maximum diameters of connected components for some almost simple groups.
Almost simple groups of Lie type
In this section we suppose that K = F * (G) is a finite simple group of Lie type defined in characteristic r. We may and do therefore assume that G is a subgroup of Aut(K). The structure of Aut(K)/K is well understood and is revealed by [13, Theorem 2.5.12], which we use without reference. We let K * be the subgroup of G generated by all elements that act by conjugation as inner-diagonal automorphisms on K.
For p a prime which divides |G|, let Γ p be a connected component of G which contains an element of order p. Because of Theorem 4.4 our primary focus in on Γ 2 as if Γ p does not contain an involution, then Γ p has diameter 1.
Our first results examine the commuting graphs in the small rank groups for which our generic argument fails.
Lemma 8.1. Suppose that G ∼ = PGL 2 (r a ) or PSL 2 (r a ) with r odd. Then Γ 2 has diameter at most 5 or 5 < r a ≤ 13 in which case Γ 2 has diameter at most 6. Furthermore every connected component in Γ(PSL 2 (5)) has diameter 1.
, then G has two conjugacy classes of involutions. Furthermore, every element of G other than the elements of order r is connected to an involution. Thus, as the Sylow r-subgroups of G are isolated, Lemma 3.5 implies that Γ 2 has diameter at most 5.
Suppose that G ∼ = PSL 2 (r a ). If r a < 13 an elementary computer calculation [6] reveals the stated result (6 being attained for r a = 13 and r a = 9). If r a > 13, then [3, Theorem 1.1 (ii) and (iii)] asserts that in the commuting involution graph, two involutions have distance at most 3 apart. Since the subgroups of order (r a + ǫ)/2, ǫ ≡ r a (mod 4) are isolated in PSL 2 (r a ) (see [25, Table 1d ]), Γ 2 consists of elements of order dividing (r a − ǫ)/2 and so every elements of Γ 2 has distance at most 1 from an involution. Therefore Γ 2 has diameter at most 5.
Facts about
2 G 2 (3 a ) are taken from [24, Theorem] . We use them without specific reference in the next lemma.
Proof. Let T be the set of elements of order 3 in G, T be a Sylow 3-subgroup of G and let i ∈ N G (T ) be an involution. Note that every element of order 3 in T is contained in T ′ which itself is elementary abelian of order 3 2a . We also know C G (i) ∼ = 2 × PSL 2 (3 a ) and so i centralizes subgroups of order 3 a in exactly 3 a + 1 Sylow 3-subgroups of G. Since T acts regularly on Syl 3 (G) \ {T }, |C T (i)| = 3 a and N T (C T (i) i ) = C T (i), we obtain that if S ∈ Syl 3 (G) \ {T }, then there is an involution j ∈ N G (T ) such that C S (j) = 1. Let x, y ∈ T . Then x ∈ U ′ and y ∈ V ′ for some U, V ∈ Syl 3 (G). There is a unique involution j which normalizes both U and V and we have C U (j) and C V (j) are non-trivial. It follows that d(x, y) ≤ 4. Moreover, this yields Γ 3 = Γ 2 contains all elements of even order and all elements of order divisible by 3. Now suppose that x ∈ Γ 3 . If C G (x) has order divisible by 3 or 2, then d(x, T ) ≤ 2. So suppose that C G (x) has odd order coprime to 3.
Recall that
Suppose that p is an odd prime greater that 3. Then p divides exactly one of (3 a − 1), (3 a + 1), (3 a + 3
. If x has order dividing 3 a + 1 or 3 a −1, then x can be seen the centralizer of an involution, which is a contradiction. So x has order dividing 3 a ± 3 a+1 2 + 1. By [24, Theorem (4) ], G has a Hall subgroup of order 3 a ± 3 a+1 2 + 1 and these subgroups are isolated. Since x is not contained in any such subgroup, this shows that Γ 2 = Γ 3 has diameter at most 8.
, then the Sylow r-subgroups of G are isolated and consequently Γ r has diameter one in the first two cases and two in the case of the Suzuki groups. We also note that in the first two cases, when r is odd, we have 2 ∈ π(Γ r ). If
Especially we may assume that G > K * . If there are no elements of prime order in G \ K * , thenK ∼ = PSL 2 (r a ) with r odd and a even and Γ r has diameter at most 2 more than the diameter of a connected component of Γ(K * ) containing an r-element. Thus Γ r has diameter at most 8 by Lemmas 3.1 and 8.1. Hence G \ K * contains an element f of prime order p. Since K * has no graph automorphisms, f must be a field automorphism. Therefore C K (f ) is a group of the same type as K but defined over the field of order q 1/p by Lemma 2.5 (i). In particular, both 2 and r divides |C K (f )| and so Γ r = Γ 2 . Let x and y have order r and let R x , R y ∈ Syl r (K) with x ∈ R x and y ∈ R y . Since R x is an r-group, if R x = R y , then d(x, y) ≤ 2. So suppose R x = R y . Since K acts two transitively on Syl r (K) by conjugation, there exists f ∈ G \ K * of order p such that
We intend to show that (8.3.2) every element of Γ r has distance at most 3 from an r-element unless K * ∼ = PGL 2 (r) and x ∈ K * \ K has order 2m > 2 with m odd, in which case x has distance at most 4 from an r-element and has even order.
To prove this we only have to show that such elements have distance 2 from a field automorphism unless the exceptional case occurs.
Assume that x ∈ K * ∩ Γ r . We may as well suppose that x is an r ′ -element as otherwise x is connected to an r-element. Thus x is contained in a torus T of K * . Suppose x has even order. Then x is incident to an i involution. If i ∈ K, then it centralized by a field automorphism of G and we have our claim. If K is a SuzukiRee group or if K * = PSL 2 (r a ), we do not need to work further. If K * ∼ = PGL 2 (r a ) and i ∈ K * \K, then i is joined to an involution j ∈ K and this is the exceptional configuration.
Suppose x has odd order. If some power of x which is not the identity, commutes with an r-element, we are done. So suppose that no power of x commutes with such an element. Let y be power of x such that y has prime order p. Then Lemma 2.5 (c) implies that C K * (y) ≥ T and C K * (y)/T is an elementary abelian p-group which is isomorphic to a subgroup of Z the centre of the universal version of K * . Since in all cases under investigation Z has order at most 2, we have C K * (y) = C K * (x) = T . Since T is abelian, any element of K * which is joined to y is also joined to x. Hence any shortest path to an r-element from x must go via a field automorphism f of prime order such that C T (f ) = 1. But then x has distance at most 2 from f . Thus our claim is established if x ∈ K * ∩ Γ r . Now suppose that x ∈ G \ K * . Let p be a prime that divides the order of xK * , x * ∈ Syl p ( x ) and y ∈ x have order p. Then x ∼ y. If y ∈ K * , then y is a field automorphism by [13, Theorem 4.9.1 (d)] and this means x has distance at most 2 from an r-element.
So suppose that y ∈ K * . We may as well assume that y is not an r-element. If y has order 2, then y commutes with a field automorphism of K and so x has distance 3 from an r-element. So y has order p different from 2 and r. Since p is odd, K * x = K * f for some field automorphism f of K.
1 Moreover the Sylow p-subgroups of K * are abelian and if P ∈ Syl p (K * x ) with x * ∈ P . Then P = x * T where T is an abelian subgroup of K * . It follows that y ∈ Z(P ). Since P contains a field automorphism, once again we have y is incident to a field automorphism. This means that x has distance at most 3 from an r-element. This completes our verification of (8.3.2).
Combining (8.3.1) and (8.3.2) yields our assertion that the diameter of Γ r is at most 10 so long as K * ≇ PGL 2 (r a ). So suppose that K * ∼ = PGL 2 (r a ) and that x, y ∈ G have d(x, y) ≥ 11. Then we may assume that x has distance 4 from an r-element and is incident to an involution i ∈ K * . Also y has distance a least 3 from an r-element. If y has distance 4, then x and y have even order by (8.3.2) . But then d(x, y) ≤ 5 by Lemma 3.5, which is a contradiction. Now y has distance 2 from a field automorphism. Thus y has distance 3 from an involution j and therefore d(x, y) ≤ d(x, i) + d(y, j) + d(i, j) ≤ 1 + 2 + 3 = 6 again by Lemma 3.5. This contradiction completes our proof.
The bound in Lemma 8.3 is probably too high however it is not too far from reality. The following remark originates from a computer calculation.
Remark 8.4. In the group 2 B 2 (2 5 ):5 there are elements of order 25 that have distance 8 apart. In particular, the diameter of Γ 2 for this group is at least 8.
Proof. We use the [8, page 74] . This shows that G has two conjugacy classes of involutions and so by Lemma 3.5 any two involutions have distance at most 3 apart. As G has exactly one conjugacy class of elements of order 3 and of order 5 and they both have centralizers of even order, such elements are distance one from an involution as are all the elements 1 The only danger case arises if K * ∼ = PSL 2 (r a ) with r odd, xK has order 2 and is a product of an outer diagonal and a field automorphism. In this case xK contains no elements of order 2.
of even order. Hence, as the elements of order 13 generate isolated subgroups, we have Γ 2 has diameter at most 5. Lemma 8.6. Suppose that K ∼ = 2 F 4 (q) for q > 2 an odd power of 2.Then Γ 2 has diameter at most 9.
Proof. By [2, (18. 2)] K has two conjugacy classes of involutions and by [2, (18.6) ] the centralisers in K of representatives from different classes are non-isomorphic. Hence G has exactly two conjugacy classes of involutions (since |G : K| is odd here). Let I be the set of involutions in G. Then Lemma 3.5 implies that any two members of I are at most distance 3 apart, all 2-elements are contained in Γ 2 and the distance between any pair of elements of even order in G # is at most 5. Thus it remains to show that d(x, I) ≤ 3 for any x ∈ Γ 2 of odd order.
Let x ∈ G have odd order and assume d(x, I) > 3. Choose t ∈ I so that d(x, t) is minimal and let
be a shortest path between x and t with the inner elements of prime order. Since the only automorphisms of K of prime order are inner and field automorphisms (see [13, Theorem 2.5.12 and Definition 3.5.13]), if either
has even order which contradicts the choice of x. Hence
. By our choice of t, C i has odd order. Thus Lemma 2.5 implies C i ∩ K has a normal abelian subgroup T i of odd order and |(C i ∩ K)/T i | divides |Z| where Z is as in Lemma 2.5. By [13, Theorem 2.2.9, Table 2 .2], |Z| = 1. Therefore C i ∩ K is abelian. Now, as x 2 ∈ C 1 ∩K and C 1 ∩K is abelian, we have
. Finally notice that C 1 ∩ K is an isolated subgroup of K and therefore Lemma 4.5 implies C 1 ∩ K is a cyclic group. If x ∈ K, then x, x 2 ∈ C 1 ∩ K and x ∼ x 2 , a contradiction. Therefore x ∈ G \ K has the property that no element of prime order in x is outside of K for otherwise x would centralize a field automorphism. On the other hand K x contains a p-element f which centralizes an element of I. Thus Lemma 3.6 implies d(x, I) ≤ 3. This contradiction concludes our proof.
Proof. Let I be the set of involutions in K. Suppose first that G = K. Since C K (i) is a 2-group for i ∈ I, Γ 2 consists of elements of even order. By [3, Theorem 1.2], the commuting involution graph in K is connected of diameter 3. Hence Γ 2 has diameter 5 in this case.
There are three extensions of K by a subgroup of order 2 and a unique extension by a group of order 4. All these extensions split. It follows that if G is one of these extensions, then G has at least two conjugacy classes of involutions and so by Lemma 3.5 any two involutions are at distance at most 3 apart in Γ. By the first paragraph any element of odd order in Γ 2 must be connected to an involution in G \ K and so Γ 2 has diameter at most 5 in these cases. Since Out(K) ∼ = Sym(3) × 2, this completes the proof.
From here on we assume that K is not a Suzuki-Ree group and is not isomorphic to PSL 2 (r a ). We define R to be the set of long root elements of K. Notice that exclusion of the Suzuki-Ree groups means that R is non-empty.
The need to remove PSL 2 (r a ) and the necessity of Lemma 8.7 is highlighted by the following lemma which shows that the distance between two members of R is at most 2 and allows us to direct our attention towards bounding d(x, R) for each x ∈ Γ r . Lemma 8.8. Assume K is not PSL 3 (2) ∼ = PSL 2 (7) and if K ∼ = PSL 3 (4) that K * ∼ = PGL 3 (4) . Then the distance between any two elements of R in Γ is at most 2.
Proof. Let u 1 and u 2 be elements of R. By Lemma 2.4 (iv) either u 1 , u 2 is an r-group or u 1 , u 2 is conjugate to a subgroup of a fundamental SL 2 (r a ) which we call S. Obviously if u 1 , u 2 is an r-group, then d(u 1 , u 2 ) ≤ 2 while, if u 1 , u 2 is conjugate to a subgroup of S, then d(u 1 , u 2 ) ≤ 2 as, by Lemma 2.4 (v), C K (S) = 1.
Lemma 8.9. Suppose that h is an r-element of K. Then h centralises a root element.
Proof. Let U be a Sylow r-subgroup of K containing h. Then, by [13, Theorem 3.3 .1] Z(U) contains long root elements, which proves the lemma.
Proposition 8.10. Suppose K is a finite simple group of Lie type and assume that K is not 
. Then x is contained in an abelian isolated subgroup I of K * by Theorem 4.4. Since x ∈ Γ r , there is an element f of prime order in G \ K * such that C I (f ) = 1. Since every element of prime order in G \ K * is a graph or a graphfield automorphism and I is abelian, d(x, f ) = 2 by Lemma 2.5. Since f centralizes an r-element, we have d(x, R) ≤ 4 by Lemma 8.9. Finally we have to consider the case when
r be an arbitrary element. If x is not an r ′ -element, then plainly x has distance at most 1 from an r-element. Hence we may suppose that x is a semisimple element. Let u be an r element of Γ r and
be a shortest path to u. Assume that the length of π is at least 3. Let x 1 have order p 1 and x 2 have order p 2 where p 1 and p 2 are primes. Then C = C K * (x 1 ) is an r ′ -group and C is certainly non-abelian for otherwise x ∼ x 2 , which contradicts the minimality of π. By [13, Theorem 4.9.1](g) and (h) we see that x 1 is an inner-diagonal automorphism of parabolic type. Furthermore Lemma 2.5 shows that C contains a normal, abelian r ′ -subgroup T such that C/T is an elementary abelian p 1 -subgroup which is isomorphic to a subgroup of Z(K u ) where K u is the universal covering group of K. Since C is not abelian, we have C/T = 1. Now, if p 1 = 2, then r is odd. In this case, Z(J) has order 2 and is not conjugate to x 1 and so x 1 is distance at most 2 from Z(J) and distance at most 3 from R. Thus we may suppose that x 1 does not have order 2. In particular, |C/T | is odd. Since C/T is isomorphic to a subgroup of Z(K u ), [13, Theorem 2.2.9, Table 2 .2] implies C/T is a cyclic group and one of the following holds.
(i) p 1 = 3 divides r a − 1 and K ∼ = E 6 (r a ); (ii) p 1 = 3 divides r a + 1 and K ∼ = 2 E 6 (r a ); (iii) p 1 divides (r a − 1, n) and K ∼ = PSL n (r a ); or (iv) p 1 divides (r a + 1, n) and K ∼ = PSU n (r a ).
If possibility (i) or (ii) holds, then x 1 has order 3 and, as J has order divisible by 3, x 1 is distance at most 2 from an element of a conjugate of J. Since J commutes with a long root element (contained in a subgroup isomorphic to a group of type A 5 (r a ) in case (i) and in a subgroup isomorphic to a group of type 2 A 5 (r a ) in case (ii)), we have that x has distance at most 4 from R in these first two cases.
Thus we may suppose that cases (iii) and (iv) pertain. In these cases p 1 divides r a − 1 in case (iii) and r a + 1 in case (iv) and we know that p 1 is not 2. In particular we have that p divides the order of J. If n ≥ 4, then J is centralized by a long root element and so we have x 1 is distance at most three from a long root element. Hence d(x, R) ≤ 4.
Suppose that n = 3. Then p 1 = 3 as well. First assume that K ∼ = PSL 3 (r a ) and put K * = GL 3 (r a ). Let V be the natural GL 3 (r a )-module and set Z = Z( K * ). So |Z| = (r a − 1) 3 . For w ∈ K * , let w be an element of minimal order in K * with wZ = w. Let D ∈ Syl 3 (C K * (x 1 )) and let D be a 3-group such that DZ/Z ≥ D. As |K * | 3 > 3, |C| 3 ≥ 3 2 and so
If D is cyclic, then Schur's Lemma implies that |D| ≤ (r 3a − 1) 3 = 3(r a − 1) 3 which is a contradiction. Hence D is not cyclic. Therefore, there exists x * 2 ∈ D \ Z of order 3. Let z ∈ Z have order 3. Then C V ( x * 2 z j ) = 0 for some 1 ≤ 3 ≤ j. But then x * 2 preserves the decomposition of V into a sum of a 1-dimensional and a 2-dimensional subspace. So x * 2 ∈ X ∼ = GL 1 (r a ) × GL 2 (r a ). So x * 2 commutes with an element y ∈ Z( X) and this element commutes with an element of R. Now taking images in K * and using the fact that, if r a = 4, then K * = PGL 3 (4), we have d(x, R) ≤ 4. We argue similarly for K ∼ = PSU 3 (r a ). So let K * = GU 3 (r a ) and V be the natural module for K * . We use all the conventions of the previous paragraph. Let D ∈ Syl 3 (C K * (x 1 )) and let D be a 3-group such that DZ/Z = D. Obviously | D| = |C| 3 (r a + 1) 3 ≥ 3 2 (r a + 1) 3 . If D is cyclic, then Schur's Lemma implies that |D| ≤ (r 6a − 1) 3 = 3(r 2a − 1) 3 = 3(r a + 1) 3 which is a contradiction. Hence D is not cyclic.
Therefore there exists x * 2 ∈ D \ Z of order 3. Let z ∈ Z have order 3. Then C V ( x * 2 z j ) = 0 for some 1 ≤ 3 ≤ j. But then x * 2 preserves the decomposition of V into a direct sum of 3 perpendicular non-degenerate 1-dimensional spaces. In particular, x * 2 ≤ X ∼ = GU 1 (r a ) × GU 2 (r a ). Thus x * 2 commutes with an element y ∈ Z(X) and this element commutes with an element of R. Hence d(x, R) ≤ 4. So we have shown d(x, R) ≤ 4 in all cases.
Finally combining this with Lemma 8.8 implies that Γ r = Γ 2 has diameter at most 10.
Remark 8.11. Let G = PGL 3 (7). Then 7 2 + 7 + 1 = 57 and, if x is an element of order of order 57, then d(x, R) = 4.
We combine the results of this section in a single statement. Proof. We know all the connected components other than Γ 2 are of diameter one by Theorem 4.4. Thus we only need to consider Γ 2 . If K is a Suzuki-Ree group, then Lemmas 8.3, 8.5 and 8.6 provide the result. When K ∼ = PSL 2 (r a ), we apply Lemma 8.3 and note also that PSL 2 (7) ∼ = PSL 3 (2). If K ∼ = PSL 3 (4) and K * = PGL 3 (4), then Lemma 8.7 yields Γ 2 has diameter at most 5. All the remaining groups are considered in Proposition 8.10.
9. The proof of Theorem 1.1
We now draw all our strings together and prove Theorem 1.1. So suppose that G is a finite group with trivial centre and let Γ = Γ(G). Assume that Γ has diameter at least 11. Then Theorem 5.4 states that F * (G) is a non-abelian simple group. Using Theorems 6.3 and 7.1, Lemma 7.2 and the classification of finite simple groups, we have that F * (G) is a simple group of Lie type. Finally Theorem 8.12 provides the contradiction.
